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Abstract: We recall the Tannaka construction in [2] for certain types of split monoidal
functor into Vectk, and remove the “compactness” restriction on the domain.
In Set or Vectk, a “VN-core” is an algebra (A, µ, η) and a coalgebra (A, δ, ǫ)
satisfying the axiom
δµ = (µ⊗ µ)(1 ⊗ c⊗ 1)(δ ⊗ δ),
where c is the symmetry for ⊗, with a map S : A→ A such that
µ3(1⊗ S ⊗ 1)δ3 = 1 : A→ A .
The core is called unital if it satisfies the stronger axiom
1⊗ η = (1⊗ µ)(1⊗ S ⊗ 1)δ3 .
In Set, unital VN-cores are precisily groups, while in Vectk they contain the
Hopf k-algebras.
The following theory is k-linear for k a field of characteristic 0, and we shall
assume some familiarity with [2] Theorem 3.1 which we now generalize. The aim
of this procedure is to remove the construction of the unital VN-core End∨U
in [2] from the “compact” setting by postulating the existence of an abstract
duality functor
(−)∗ : A op → A
on the generating category A ⊂ C with an associated natural isomorphism
u : U(A∗) ∼= U(A)∗
and a transformation e : A∗ ⊗A→ I satisfying the two axioms
(e, r, r0):
k
r0 // UI
U(A)∗ ⊗ UA
e
OO
U(A∗ ⊗A)
Ue
OO
U(A∗)⊗ UA
r
77ooooooooooou⊗1
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commutes, and
1
(e, i, i0):
UI
i0 // k
U(A∗ ⊗A)
Ue
OO
i ''OO
OO
OO
OO
OO
O
U(A)∗ ⊗ UA
e
OO
U(A∗)⊗ UA
u⊗1
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commutes.
We emphasize here that it is not necessary for A∗ to be the actual ⊗-dual
of A in the monoidal category C . For example, C could be a ⋆-autonomous
monoidal category [1], or just a monoidal closed category [3], and so forth.
The two axioms above now replace the cumbersome “U -trace” condition in
[2] § 3. The region labeled (3) in [2] § 3 now becomes:
(U(A)∗⊗UA)∗⊗U(A)∗⊗UA
(u⊗1)∗⊗(u−1⊗1)
++VVVV
VVVV
VVVV
VVVV
VVV
k∗⊗U(A)∗⊗UA
1⊗u−1⊗1
++VVVV
VVVV
VVVV
VVVV
VVV
e∗⊗1⊗1
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(U(A∗)⊗UA)∗⊗U(A∗)⊗UA
i∗⊗r

k∗⊗U(A∗)⊗UA
i∗
0
⊗r

(e,i,i0)
k∗⊗UA⊗U(A)∗
1⊗c
OO
U(A∗⊗A)∗⊗U(A∗⊗A)
coprB=A∗⊗A

U(I)∗⊗U(A∗⊗A)
(e,r,r0)
U(e)∗⊗1
33hhhhhhhhhhhhhhhhhhh
1⊗U(e)

k∗⊗k
i∗
0
⊗r0
''PP
PP
PP
PP
PP
PP
1⊗e
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'
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'
k∗⊗k
1
::tttttttttt
(trace)1⊗(dimUA)
−1).n
OO
i∗
0
⊗r0
// U(I)∗⊗UI
coprB=I
// R B U(B)∗⊗UB
nat.
which eventually commutes by commutativity of
UA⊗ U(A)∗
c // U(A)∗ ⊗ UA
e

k
n
OO
(dim UA).1
//
(trace)
k
in Vectk.
2
Thus we essentially replace the map S in [2] Theorem 3.1 by the map defined
on End∨U by the new family:
SA = (dim UA)
−1.σA
(i.e. remove the factor (dim UI) and assume dim UA 6= 0 for all A ∈ A ). The
new structure (End∨U, µ, η, δ, ǫ, S) is then a unital VN-core in Vectk. Note
that we no longer require C and U to be braided structures in this context.
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